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Abstract 
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1 Introduction 

The purpose of this paper is to study the Dirac-Dunkl operator on the two-sphere for the reflection 
group and to investigate its relation with the Bannai-Ito algebra. 

The Bannai-Ito algebra is the associative algebra over the field of real numbers with generators 
Ii, 1 2 , and 13 satisfying the relations 

{/i,/2} =/s + as, { 72 , 13 } = li + ni> {73,7i} = 72 + a2, (1) 

where {a,h] = ab + ba is the anticommutator and where ai, i = 1,2,3, are real structure constants. 
The algebra ([Tl) was first presented in If27ll as the algebraic structure encoding the bispectral proper¬ 
ties of the Bannai-Ito polynomials, which together with the Complementary Bannai-Ito polynomials 
are the parents of the family of—1 polynomials II151I27II . The Bannai-Ito algebra also arises in repre¬ 
sentation theoretic problems IflTlI and in superintegrable systems Ifl6ll : see El for a recent overview. 

Following their introduction in lISl I^ llOII . Dunkl operators have appeared in various areas. They 
enter the study of Calogero—Moser—Sutherland models II28L they play a central role in the theory of 
multivariate orthogonal polynomials associated to reflection groups llllll . they give rise to families of 
stochastic processes E0ll25l . and they can be used to construct quantum superintegrable systems in¬ 
volving reflections 11131 1 14ll . Dunkl operators also find applications in harmonic analysis and integral 
transforms El I24II . as they naturally lead to the Laplace-Dunkl operators, which are second-order 
differential/difference operator that generalize the standard Laplace operator. 




In a recent paper |[l9l . the analysis of the Laplace-Dunkl operator on the two-sphere associated 
to the Z 2 X Z 2 X Z 2 Abelian reflection group was cast in the frame of the Racah problem for the Hopf 
algebra sZ-i(2) Ii26l . which is closely related to the Lie superalgebra osp(l|2). It was established 
that the Laplace-Dunkl operator on the two-sphere Ag 2 can be expressed as a quadratic polynomial 
in the Casimir operator corresponding to the three-fold tensor product of unitary irreducible rep¬ 
resentations of sZ-i(2). A central extension of the Bannai—Ito algebra was seen to emerge as the 
invariance algebra for Ag 2 and subspaces of the space of Dunkl harmonics that transform according 
to irreducible representations of the Bannai—Ito algebra were identifled. 

It is well known that the square root of the standard Laplace operator is the Dirac operator, 
which is a Clifford-valued first order differential operator. The study of Dirac operators is at the core 
of Clifford analysis, which can be viewed as a refinement of harmonic analysis lO. Dirac operators 
also lend themselves to generalizations involving Dunkl operators Il3l[6l [23ll . These so-called Dirac- 
Dunkl operators are the square roots of the corresponding Laplace-Dunkl operators and as such, 
they exhibit additional structure which makes their analysis both interesting and enlightening. 

In this paper, the Dirac-Dunkl operator on the two-sphere associated to the Z^ Abelian reflection 
group will be examined. We shall begin by discussing the Laplace- and Dirac— Dunkl operators in 
IR^. The Dirac-Dunkl operator will be defined in terms of the Pauli matrices, which play the role 
of Dirac’s gamma matrices for the three-dimensional Euclidean space. It will be shown that the 
Laplace- and Dirac- Dunkl operators can be embedded in a realization of osp(l|2). The notion of 
Dunkl monogenics, which are homogeneous polynomial null solutions of the Dirac-Dunkl operator, 
will be reviewed as well as the corresponding Fischer theorem, which describes the decomposition 
of the space of homogeneous polynomials in terms of Dunkl monogenics. The Dirac-Dunkl operator 
on the two-sphere, to be called spherical, will then be defined in terms of generalized “angular mo¬ 
mentum” operators written in terms of Dunkl operators and its relation with the spherical Laplace- 
Dunkl operator will be made explicit. The algebraic interpretation of the Dirac-Dunkl operator will 
proceed from noting its connection with the sCasimir operator of osp(l|2). The symmetries of the 
spherical Dirac-Dunkl operator will be determined. Remarkably, these symmetries will be seen to 
satisfy the defining relations of the Bannai—Ito algebra. The relevant finite-dimensional unitary ir¬ 
reducible representations of the Bannai—Ito algebra will be constructed using ladder operators. An 
explicit basis for the eigenfunctions of the spherical Dirac-Dunkl operator will be obtained. The ba¬ 
sis functions, which span the space of Dunkl monogenics, will be constructed systematically using a 
Cauchy-Kovalevskaia (CK) extension theorem. It will be shown that these spherical wavefunctions, 
which generalize spherical spinors, transform irreducibly under the action of the Bannai—Ito algebra. 

The paper is divided as follows. 

• Section 2: Dirac— and Laplace— Dunkl operators in and S^, osp(l|2) algebra 

• Section 3: Symmetries of the Dirac-Dunkl operator on S^, Bannai—Ito algebra 

• Section 4: Ladder operators, Representations of the Bannai-Ito algebra 

• Section 5: CK extension. Eigenfunctions of the spherical Dirac-Dunkl operator 

2 Laplace- and Dirac- Dunkl operators for 

In this section, we introduce the Laplace- and Dirac— Dunkl operators associated to the Zg reflection 
group. We show that these operators can be embedded in a realization of osp(l|2). We define the 
Dunkl monogenics and the Dunkl harmonics and review the Fischer decomposition theorem. We 
introduce the spherical Laplace— and Dirac- Dunkl operators and we give their relation. 


2 


2.1 Laplace- and Dirac- Dunkl operators in [R^ 

Let X = (xi,X 2 ,X 3 ) denote the coordinate vector in IR^ and let /i,, i = 1,2,3, be real numbers such that 
^ 0. The Dunkl operators associated to the Zg reflection group, denoted by Ti, are given by 

Ti = d^, + ^il-Ri), i = 1,2,3, (2) 

Xi 

where 


Rifixi) = f(-Xi) 


is the reflection operator. It is obvious that the operators T;, Tj commute with one another. We 
deflne the Dirac-Dunkl operator in R^, to be denoted by D, as follows: 

D = (TiTi + cr2T'2 + (3) 


where the Uj are the familiar Pauli matrices 


(71 = 


0 

.1 







a 0 

0 -1 


These matrices satisfy the identities 


where [a, 6] = ab -ba is the commutator, where Cijk is the Levi-Civita symbol and where summa¬ 
tion over repeated indices is implied. The Pauli matrices provide a representation of the Euclidean 
Clifford algebra with three generators on C^, i.e. on the space of two-spinors. Indeed, one has 


{ai,aj} = 26ij, i,y = 1,2,3. (4) 

As a direct consequence of Q, one has 

D^ = A = tI + T^ + T^, (5) 

where A is the Laplace—Dunkl operator in R^. 

The Dirac—Dunkl and the Laplace—Dunkl operators (l3]l and I© can be embedded in a realization 
of the Lie superalgebra osp(l|2). Let x and ||3c||^ be the operators deflned by 

-► 2 2 2 2 2 
X = (TiXl-l-(72^2-(-( 73 X 3 , ||x|| =X =Xi + X2+X^, 

and let E stand for the Euler (or dilation) operator 

E x^d^^ ^ 2 ^X 2 ^ 3 ^x 3 • 

A direct calculation shows that one has 

{x,x} = 2||x||^ {D,D} = 2A, 

[D, ||x||^] = 2x, [E-H73 ,x] = x, 

[E-}- 73 ,A] = -2A, [E-t- 73 ,||x||^] = 2||x||^, 


{x,D} = 2(E-H73), 

[E + 73,D] = -D, [A,x] = 2D, (6) 

[A,||x||2] = 4(E + 73), 
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where 


73 - Ml + M 2 + + 3/2. 

The commutation relations (HJl are seen to correspond to those of the osp(l|2) Lie superalgehra [fl2]| . 
In fact, the relations (lU) hold in any dimension and for any choice of the reflection group with different 
values of the constant 7 l|3 l[23]l . 

Let denote the space of homogeneous polynomials of degree N in IR^, where is a non¬ 

negative integer. The space of Dunkl monogenics of degree N for the reflection group shall be 
denoted by It is defined as 

.^Ar(IR^):=KerD n(5*iv(K^)'S>C^). (7) 

Similarly, the space of scalar Dunkl harmonics of degree N for the reflection group Zg is denoted by 
and defined as ITTI 

:= Ker A n 5»jv(K^)- 

The space of spinor-valued Dunkl harmonics has a direct sum decomposition in terms of the Dunkl 
monogenics. This decomposition reads 

For 73 > 0, which is automatically satisfied when Ml) M2.M3 ^ 0> the following direct sum decomposi¬ 
tion holds If23l : 

N 

5»Ar(B«^)<8>C^ = 0x^.^jV-/fe(K^). (8) 

The above is called the Fischer decomposition and will play an important role in what follows. 


2.2 Laplace- and Dirac- operators on 

The explicit expression for the Dunkl operators (l2]l allows to write the Laplace—Dunkl operator ([51) as 




i=l 




(9) 


Since reflections are elements of 0(3), the Laplace—Dunkl operator ([51), like the standard Laplace 
operator, separates in spherical coordinates. Consequently, it can be restricted to functions defined 
on the unit sphere. Let Ag 2 denote the restriction of @ to the two-sphere, which shall be referred to 
as the spherical Laplace-Dunkl operator. It is seen that Ag 2 can be expressed as 


Ag 2 — ||x||^A — E(E-t- 2jUi -H2p2 + 2p3 + 1). 


( 10 ) 


The spherical Laplace-Dunkl operator can also be written in terms of the Dunkl angular momentum 
operators. These operators are defined as 

Li = —{x2T^-XZT 2 ), L 2 =-r(x 3 Ti-X 1 T 3 ), Lz =—(x\T 2 -X 2 T 1 ), (11) 

i i i 

and satisfy the commutation relations 


[Li,Lj] = ieijkLk{l + 2pkRk), [Li,Ri] = 0, {Li,Rj} = 0. 


( 12 ) 
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Taking into account the relation ( fl0l >. a direct calculation shows that IflSlI 

-^s2=Ll+Ll+Ll-2 Y. Y (13) 

When = P 2 = M 3 = 0> Hi® relation ( fT3] > reduces to the standard relation between the Laplace opera¬ 
tor on the two-sphere and the angular momentum operators. 

Let us now introduce the main object of study: the Dirac—Dunkl operator on the two-sphere. This 
operator, denoted by L, is defined as 

T = o-L^^-R, (14) 

where Jl = (mi,M 2 »M 3 ) R = iRi,R 2 ,R 3 )- When pi = /i 2 = M3 = 0> reflections disappear and ( fl4l > 
reduces to the standard Hamiltonian describing spin-orbit interaction. The operator (I14D is linked 
to the spherical Laplace-Dunkl operator by a quadratic relation. Upon using the equations Q, ( fl2l > 
and ( I13D . one finds that 

-I- r = — a §;2 -t- (mi+M2+m3)(mi + M2+ms +1)- (is) 

A relation akin to ( I15D was derived in 111911 : it involved a scalar operator instead of T. The Dirac—Dunkl 
operator on the two-sphere has a natural algebraic interpretation in terms of the realization ([ 6 ) of 
the osp(l|2) algebra. It corresponds, up to an additive constant, to the so-called sCasimir operator. 
Indeed, it is verified that 

{r-Hl,x} = 0 , {r-Hl,D} = 0 , 

and that 

[r-Hi,E] = o, [r-Hi,iix||^] = o, [r-Hi,A] = o. 

Hence F -t-1 anticommutes with the odd generators and commutes with the even generators of 
osp(l|2), which is the defining property of the sCasimir operator Il22]| . The spherical Dirac—Dunkl 
operator is usually written as a commutator (see for example H). For (I14I I. one has 

T + l = U[D,x]-l]. (16) 

The space of Dunkl monogenics of degree N is an eigenspace for this operator. Indeed, 

upon using ( fl 6 l >. the osp(l| 2 ) relations (HJl and the fact that 

D.^iv(K^) = 0 , = NJ^Ni^h 


one can write 

(F -H = i([D,x] - l)..^iv(K^) = ^(Dx- l).^iv(K^) 

= ^- l)-^iv(K^) = ^ (2(E + 73) - l).^iv(K^), 

which gives 

(F + 1) ./^jv(II^^) — (A^ + Ml (i 2 Ms )-) (17) 

where A = 0 ,l, 2 ,...isa non-negative integer. 
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3 Symmetries of the spherical Dirac-Dunkl operator 

In this section, the symmetries of the spherical Dirac—Dunkl operator are obtained and are seen to 
satisfy the defining relations of the Bannai—Ito algebra. 

Introduce the operators Jj defined by 

Ji=Li^Oi(^jRj^ i = 1,2,3, (18) 

where (ijk) is a cyclic permutation of {1,2,3}. The operators Ji are symmetries of the spherical 
Dirac-Dunkl operator, as it is verified that 

[r,JJ = 0, j = 1,2,3. 

The operator F can be expressed in terms of the symmetries Ji in the following way: 

r = (7 iJ\ + O 2 J 2 + 0'3'^3 “ ^2-^2 “ )^3^3 “ 3/2. 

A direct calculation shows that the operators Ji satisfy the commutation relations 

\-Ji>J 7 ] — i^ijk k + 2|i^ (F +1) ojiRji + 2i fj,ifj,j cr^RiR . (19) 

The operator F also admits the three involutions 

Zi = aiR„ Zf = l, j = 1,2,3, (20) 

as symmetry operators, i.e 
[F,Z,] = 0, i = 1,2,3. 

The commutation relations between Zj and Ji read 

[Ji,Zi] = 0, {Ji,Zj} = 0, {Zi,Zj} = 0, i^j. (21) 

The involutions ( I20D and the relations ( 12 ID can be exploited to give another presentation of the 
symmetry algebra of F. Let Ki, i = 1,2,3, be defined as follows 

K, = -iJ,ZjZk, ( 22 ) 

where {ijk) is again a cyclic permutation of {1,2,3}. Since the operators Ji and Zi both commute 
with F, it follows that the operators Ki also commute with F. Upon combining the relations ( I19D and 
( I21D . one finds that the symmetries Ki satisfy the commutation relations 

{Ki,Kj} = Cijk [Kk + 2iJ.k (F + I)i2ii?2-R3 + ■ (23) 

The invariance algebra ( I23D of the Dirac-Dunkl operator thus has the form of the Bannai—Ito algebra. 
More precisely, ( I23D can be viewed as a central extension of the Bannai—Ito algebra given the presence 
of the central element (F + l)i?ii? 2^3 on the right hand side. In terms of the symmetries Ki, the F 
operator reads 

F = KiR2R3 + K2RiR3+K3RiR2 — niRi — i^2R2 — (24) 

The commutation relations between the symmetries Ki and the involutions Zj are 
[Ki,Zj] = 0. 
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The Casimir operator of the Bannai-Ito algebra, denoted hy Q, has the expression ETII 

Q = kI + K^ + kI (25) 

It is easily verified that Q commutes with Ki and Zi for i = 1,2,3. A direct calculation shows that in 
the realization ( I22D . the Casimir operator ( I25t can he written as 

Q = (T + 1)^ + "t” /i2 + /^3 “ 1/4. 

It follows from 0171 ) and 0231 ) that the space of Dunkl monogenics of degree N carries rep¬ 
resentations of the Bannai—Ito algebra ([I]). The precise content of in representations of the 

Bannai—Ito algebra will be determined in section 5. 

4 Representations of the Bannai-Ito algebra 

In this section, the representations of the Bannai—Ito algebra corresponding to the realization 0230 
are constructed using ladder operators. 

On the space of Dunkl monogenics of degree N, the symmetries Ki of the Dirac—Dunkl 


operator satisfy the commutation relations 

{Ki,K2) = Kz + a)^, {K2,Kz} = Ki + (Di, {K^,Ki} = K2 + (i)2, (26) 

with structure constants 

^^3 = 2^1/i2-t-2/i3pjv> <^1 = 2/i2/^3+ 2/il;UAr, CO 2 = 2fls^il +2l^2H^N, (27) 

and where we have defined 

/ijv = (“1)'^(A^ +Ml+ M 2 +1*3 + !)• (28) 

On the Casimir operator 0251 ) takes the value 

Q = {N + Hi + /i 2 + M3 + 1)^ + Ml + M 2 1*3 “ (^9) 

We seek to construct the representations of the Bannai-Ito algebra 0250 on the space spanned by the 
orthonormal basis vectors |A1,^> characterized by the eigenvalue equations 

K3\N,k) = h\N,k), Q|iV,^> = gjvlA^,^>- (30) 

Since the operators Ki are potential observables, it is formally assumed that 

Kl = Ki, i = 1,2,3. (31) 


To characterize the representation, one needs to determine the spectrum of Kq and the action of the 
operator Ki on the basis vectors |A1,^>. 

Introduce the operators K+ and K- defined by Il27ll 

K+ = {Ki + K2){Ks - 1 / 2 ) - {oji + co2)/2, 

K. = (Ki - K2 ){Kz + 1/2) + (oil - 602)/2. 
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Using the defining relations ( I26t and the Hermiticity condition <311 ). it is seen that the operators K± 
are skew-Hermitian, i.e. 

kI = -k±. 

Moreover, a direct calculation shows that they satisfy the commutation relations 

{Ki,K+]=K+, {K^,K.} = -K., (33) 

whence it follows that 

[K^,Kl] = 0, [K^,Kl] = 0. 

Using ( l33] l. one can write 


K^KAN,k) = {K+-K+K^)\N,k) = {l-Xk)K+\N,k), 
KzK-\N,k) = (-K--K-K^)\N,k) = (-l-Xk)K-\N,k). 


(34) 


The above relations indicate that K^\N,k) and K-\N,k) are eigenvectors of with eigenvalues 
(1- Xk) and -(1 + Xk), respectively. One has the two inequalities 


\K^\N,k)f = {N,k\KlK+ \N,k) ^ 0, 


(35a) 

(35b) 


\\K.\N,kW = {N,k\KlK-\N,k)'^0. 

Consider the LHS of <35al ). The operator k\ is of the form 
kI = {Kz - l/2)(iCi + K 2 ) - (cji + co2)/2. 

Upon using the commutation relations <26l ) and <29l ). it is seen that 

kIk+ = {Kz - l/2f(Q -KI + Kz + ojz) - (m + aj2f/4. (36) 

Using the above expression in <35al ) with <27< and <29< . one finds a factorized form for the inequality 
-(pi + /i2 + 1/2 - Xk Kpat +1^3 + 1/2 - Xk )(Xk + Ml + P2 “ 1/2)(A;^ + + M3 ^ 1/2) ^0. (37) 

which is equivalent to 


j Ml + M2 ^ l-lyfe - 1/2| ^ A/ + Ml + M2 + 2m3 + 1, N even, 

|mi+ M 2 ^ IAa; - 1/2| ^ A/ + M 1 + M 2 +1, N odd. 

Proceeding similarly for K-, one can write 

kIk. = (Kz + l/2fiQ-Kl-Kz-ajz)-(m- ^ 2 )^/ 4 . 

and one finds that <35bl ) amounts to 

-(Mi - M 2 - 1/2 - Xk )(m3 - Mat -1/2 - Xk ){Xk + Mi “ M 2 + 1/2)(A,^ + M3 “ Mm + 1/2) ^ 0, 
which can be expressed as 

j lMi“M2l ^ \Xk + 1/2| ^ A/ + M 1 + M 2 + 1. N even, 

1 IMi - M 2 K + 1/2| ^ + Ml + M 2 + 2m3 + 1, N odd. 


(38) 


(39) 


(40) 


(41) 
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Upon combining ( l38l > and ( l4l] ). we choose 
^0 = Ml + M2 + 1/2, 
whence it follows from ( l37l l that 


K^\N,0) = 0. 


Let us mention that the other choices Aq = -(mi + M 2 + 1/2) and Aq = ±(-Mi “ M2 + 1/2) permitted by 
( l38l > do not lead to admissible representations. 

Starting from the vector \N,0} with eigenvalue Aq, one can obtain a string of eigenvectors of Kq 
with different eigenvalues by successively applying K+ and K-. The eigenvalues 

A^ = (-1)^(^ + Pi + ;U2 + 1/2), ^ = 0,1,2,3,.... (42) 

are obtained by applying on the vectors 


|iV,0>, if-|A/,0>, K+K.\N,Q), 


K-K+K-\N,(}),... 


(43) 


One needs to alternate the application of if+ and K- since K\ commute with and hence their 
action does not produce an eigenvector with a different eigenvalue. Using (I42t . one can write 


\K^\N,k)r = 


k even, 
/k+v ^odd. 


where 


= -k(k + 2pi + 2p2)ik + Ml + M2 + M3 + PN)ik + Ml + M2 - M3 - Pn), 

and also 


\\K.\N,k)\f 


with 


(J 


o 


m 

k+v 

m 


k even, 
k odd. 


(44) 


~ 2mi)(^ + 2m 2)(^ + Ml + M2 - M3 + PN)ik + Ml + M2 + M3 - Pn)- (45) 

It is verified that the positivity conditions p^^^ > 0 and > 0 are satisfied for all ^ = 0,1,.. .,A7^, 
provided that pi ^ 0 for i = 1,2,3. Following ( l43] l. ( I44l > and ( l45] l. we define the orthonormal basis 
vectors \N,k} from |A7^,0> as follows: 


\N, k + f) 


1 

s/\\KAN,m‘^ 

-1 

sJ\\KPN,m‘^ 


K-\N,k), 


K+\N,k), 


k even, 
k odd. 


(46) 


where the phase factor was chosen to ensure the condition k\ = -K+. From ( l36l >. ( I39l >. ( I43l > and ( l46l >. 
the actions of the ladder operators K± are seen to have the expressions 


K^\N,k) 


K.\N,k) 


\N,k-l), 

k even. 

-v/ClJV.S + l), 

k odd. 

v/<\|Af,S + l>, 

k even. 


k odd. 


(47) 
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As is observed in ( l44l l and ( l45] l. one has A’+|A^,A^> = 0 when N is odd and A’-|A^,A^> = 0 when N is 
even. As a result, the representation has dimension N + 1. Moreover, it immediately follows from the 
actions ( l47] ) that the representation is irreducible, as there are no invariant subspaces. 

Let us now give the actions of the generators. The eigenvalues of K 3 are of the form 

= i-lfik + Ml + M2 +1/2) \N,k}, k = 0,l,...,N. 

The action of the operator Ki in the basis \N,k) can be obtained directly from the definitions J32I ) 
and the actions J47I ). One finds that if 1 acts in the tridiagonal fashion 

Ki\N ,k) = Uk+i\N,k + 1) + Vk\N,k} + Uk\N,k — 1>, 


with 


Uk = \/ Ak-\Ck, = M2 + M3 + l/2-A;fe-C;^, 


where the coefficients and Ck read 


= 


Ck = 


(^+2/i2+l)(^+/Jl+^2 + li3-liiV+l) 7, 

2tt+/il+A72 + l) ’ ^ 

(^+2pi+2p2+l)M+Pl+P2+P3+liAr+l) 7, 

2(^+Pi+P2+1) ’ ^ 


2 {k+fii+fX 2 ) ’ 
(k+2fJiXk+fJi+f^2-M3+MN) 

2 (^+/il+/i 2 ) 


k even, 
k odd. 


(48) 


For Mi ^ 0, j = 1,2,3, one has 17/ > 0 for 7 = 1,...,and Uq = 17jv+i = 0. Hence in the basis \N,k), the 
operator if 1 is represented by a symmetric {N + 1) x {N + 1) matrix. 

It is observed that the commutation relations ( I26D along with the structure constants ( I27D and 
the Casimir value ( I29D are invariant under any cyclic permutation of the pairs (ifj,M 7 ) for i = 1,2,3. 
Consequently, the matrix elements of the generators in other bases, for example bases in which if 1 
or K 2 are diagonal, can be obtained directly by applying the corresponding cyclic permutation on the 
parameters fit . 


5 Eigenfunctions of the spherical Dirac-Dunkl operator 

In this section, a basis for the space of Dunkl monogenics of degree N is constructed using a 

Cauchy-Kovalevskaia extension theorem. It is shown that the basis functions transform irreducibly 
under the action of the Bannai—Ito algebra. The wavefunctions are shown to be orthogonal with 
respect to a scalar product defined as an integral over the 2-sphere. 

5.1 Cauchy-Kovalevskaia map 

Let H, X and E be defined as follows: 

^=aiTi + a2T2, 'x = aixi + 02 X 2 , ^ = Xidx^+X2dx2- 

There is an isomorphism CK^g : between the space of spinor-valued homoge¬ 

neous polynomials of degree N in the variables (xi,X 2 ) and the space of Dunkl monogenics of degree 
N in the variables (xi,X 2 ,X 3 ). 
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Proposition 1. The isomorphism between S*jv(IR^)'8>C^ and has the explicit expression 




pz + 1/2 


[xsDl 

2x 

0 - 3 X 3 ^ 
- 02^1 

/ _ 


[X3^] 

2x 


> 

2P3 + 1 

^ P3 + 3/2 


1 ^ J 

> 


(49) 


where pFg is the generalized hypergeometric series TB . 
Proof. Let p(xi,X 2 ) e 5*„(IR^)iS>C^. We set 


[p(xi,X 2 )] = Y. i0ZXz)‘^Paixi,X2), 
a=0 


with po(^i,^ 2 ) = p(xi,X 2 ) and Pq;(xi,X 2 ) £ i 8 > and we determine the Paixi,X 2 ) such that 

CK^g [p(xi,X 2 )] is in the kernel of One has 


DCK^3[p(xi,X2)]= ^(-cr3X3)“((TiTi + a2r2)pa(xi,X2)+ Y cfT^^T^xl)pa{xi,X2) 

< 2=0 < 2=1 
n n 

= X(“^3X3)“(o-iri + cr27’2)Pa(Xl,X2)+ Y [« + P3(l - (- 1 )“)] ^ 3 “ Va(Xl,X2). 
a =0 a=l 

Imposing the condition D CK^|[p(xi,X 2 )] = 0 leads to the equations 

n n—1 

Y (-l)“'^^(o-3X3)“ (criTi + 02T2)Paixi,X2) = Y (o-3X3)“[a + Pzi^ + (-l)“)]pa+l(xi,X 2 ), 
o :=0 a=Q 


from which one finds that 


P 2 a(xi,X 2 ) = 
P2a+l(xi,X2) = 




((Ti Ti + (72 7'2 (xi, X2 ) 


22 “a!(p 3 + l/ 2 )„ 

(_!)«+! 


22 “+ia!(p 3 + l/ 2 )(p 3 + 3/2)„ 


{oiTl + 02 T 2 )‘^°‘^^ p{xi,X 2 ), 


where (a)„ stands for the Pochhammer symbol. It is seen that the above corresponds to the hyperge¬ 
ometric expression 049I ). □ 

The inverse of the isomorphism CK^g is clearly given by with Ixsfixi,X 2 ,xz) = f{xi,X2,0). 
When p 3 = 0, the operator CK^g reduces to the well-known Cauchy-Kovalevskaia extension opera¬ 
tor for the standard Dirac operator, as determined in [51. It is manifest that proposition 1 can be 
extended to any dimension. Thus, in a similar fashion, one has the isomorphism 


cKl ■■ 


between the space of spinor-valued homogeneous polynomials in the variable xi and the space of 
Dunkl monogenics of degree k in the variables (xi,X 2 ). This isomorphism has the explicit expression 


CKl = oFi 


, P2 + 1/2 


'X 2 ^j" 


0-2X2 (niTi) 
2 p 2 +1 


O-Pl 


P2 3/2 


. 2 J J‘ 


(50) 
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5.2 A basis for M]S[{R^) 

Let us now show how a basis for the space of Dunkl monogenics of degree N in can he constructed 
using the CK^‘ extension operators and the Fischer decomposition theorem ([51l. Let %+ = (1,0)^ and 
X- = (0,1)^ denote the basis spinors; one has = Span{x+}. Consider the following tower of CK 
extensions and Fischer decompositions: 


evil 
II ' 

Span{x^ X ±} = ^ - -—> 

CKj. 

© 

Spanlx-^”^ X+} = 

CK™ 

© 

© 

Spanlx^ } = 0^k(m ® ^ ~ xj/fl 

CKj.„ ’ 

© 


Spaniel x ±} = 5*1 (IK) ^ 
Span{;^;+} = 5*o(IK)iS>C^ — 


CK™ 




CK™ 




© 

j 2 ^ 


Diagram 1. Horizontally, application of the CK map and multiplication by x. Vertically, Fischer 

decomposition theorem for 5*jv(IK^)® 


As can be seen from the above diagram, the spinors 




CK 


~N-k 






^ = 0 , 1 ,. 


(51) 


provide a basis for the space of Dunkl monogenics of degree N in (xi,X 2 ,X 3 ). The basis spinors dSTl ) 
can be calculated explicitly. To perform the calculation, one needs the identities 

;2a_2/3; 

-^2a+l, 

; 2 a. 


Mk = 22“(-)6)„(1 -k-p- Y2)a t 

■) 2 cn-l 


2p-2a 


Mu, 


D--ff^Mk=P 22“+1(1 - P)a{l -k-p- J2)a 


(52) 


Mk = 2^“ (-j6)„ (-k-fi- r2)a 
g2a+1^2/3+l Mk=(k + P + 72) 2^“+! (-;6)„(1 - k - j3 - J2)a 

where Mk e Jiki'^) and 72 = Ml + M2 + 1- The formulas ( l52] l. given in ||3]| for arbitrary dimension, are 
easily obtained from the relations 

Dx^f^Mk=2px^P-^Mk, Dx^f^+^Mk = 2{p + k + r2)x^^Mk, 

which follow from the commutation relations 


[D_,^] = 2x, {D,x} = 2(E + 72 ). 


(53) 
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Similar formulas hold in the one-dimensional case. To present the result, we shall need the Jacohi 
polynomials defined as ll 2 T]l 


n\ 


—n,n + a + (i + l 1 —x 
a-i -1 


The following identity: 


{x + yrP\ 


(a,/3) 


' x-y 

,x-Hy 




m\ 


a-i-1 


will also be needed. 

Computing ( l5Tl > using the definitions QUl, dSOl l. the formulas ( l52] t and the above identity, a long 
but otherwise straightforward calculation shows that the basis spinors have the expression 


= QN-k ixs,^)mkix2,xi)x±, k = 0,...,N, 

where 


(54) 


m^(xi,X 2 ) = CK^|[x^]. 
One has 


qN-kix3,x) = 




(xf -t-x| -(-Xg)^ 


X •< 


(M3 + 1 / 2)/3 
j(^3-l/2,A:+Aii+P2) ( xf+xl-xl 

P VXj + Xj + Xg 


aaxax n(^3+l/2,^+pi+^2+l) ( xj+x^-xl 

^ ^-1 (.Xj+Xj + Xg 


~ n(^3-l/2,^+pi+M2+l) (xl+xl-xj 

X r n - 5 7 

— p \x{^X2+x^ 


-cr3X3 


' ^+^+pi+P2+l ^ r)(p3+l/2,^+pi+p2) 
, i9+P3+l/2 J 




N-k = 2p, 


N-k = 2p + l, 


(55) 


and 


mkix2,xi) = 


Pl 


i^2 + 1/2 );8 

(P 2 - 1 / 2 ,Pi- 1 / 2 ) 


(xf + X2 




fxf- 

Ixfl 


0'2X2glXi p(^i2+l/2,fll + l/2) 


XlP 


(M 2 - 1 / 2 ,Pi+ 1 / 2 ) 


( Xj-Xj 
Xj+Xj 


Xg+Xg 

- £72 ^2 O’! 


S-1 


^ Xg-Xj 
(xg+Xj 


(P+fii+l/2'\ p(/j 2 +l/ 2 ,/Ji—1/2) ^xj x: 
i/3+P2+l/2j-^/) 


k = 2p, 

k = 2p + l. 


(56) 


5.3 Basis spinors and representations of the Bannai-Ito algebra 

The basis vectors transform irreducibly under the action of the Bannai—Ito algebra. This can be 
established as follows. By construction, e and thus ( fITl l gives 

(T + l)xff^^^ = {N -(- Pi -t- /i 2 + M3 + 1) • 

Hence we have 


QV 


(N) _ 

k,± 


((F -I- if + + jj, 2 + 3 - 1/4) - 


(57) 
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as in ( l30] l. The spinors ( l54l > are also eigenvectors of K-^. To prove this result, one first observes that 
can be written as 

K^ = -\[[x,m+i)RiR2- 

Since acts only on the variables (xi,X 2 ) and since [-K^ 3 ,x] = 0, one has 


=KsCKi 

i-lt 






(-If 
2 ® 




~N-k 


~N-k 


X±=CK 

-D X 
(-2(f+ r 2 ) + l)CK 


~N-k 


+ i]cK; [x'l 


X- -KsCK, 
\ 


r Jt 


Xi 


Z± 


X± 




X± 5 


where in the last step the commutation relations ( [55] ) were used. Using the properties 


DCK'il[xA=0, ECK 


■P 2 _ 


■X2 


X 


kCK^,l\x^ 


iJ’ 


i 2 ii? 2 CK 


P 2 \k^ _ 


■X2 


X 


(-If CK 


■f ^2 r 


X2 


Xi 


one finds that 


if 3 V'S! = (- if (^ + Ml +1^2 + 1/2) ■ (58) 

Upon combining dSTI l and ( 1551 ). it is seen that the spinors ( I5T1 ) satisfy the defining properties of the 
basis vectors |A^,^> for the representations of the Bannai-Ito algebra constructed in section 4. The 
spinors however possess an extra label ± associated to the eigenvalues of the symmetry operator 
Z 3 = o' 3 i? 3 . Indeed, it is directly verified from the explicit expression dSSl l and dSGl l that one has 

231mS = ±(- 1 )^-VS. 

It follows that each of the two independent sets of basis vectors 

iVjfl \k = Q,l,...,N], \k = 0,l,...,N}, 

supports a unitary {N + l)-dimensional irreducible representation of the Bannai—Ito algebra as con¬ 
structed in section 4. As a consequence, the space of Dunkl monogenics of degree N can be 

expressed as a direct sum of two such representations. Since dim.^jv(II^^) = 2 x {N + 1), the dimensions 
of the spaces match. 


5.4 Normalized wavefunctions 


The wavefunctions ( I54D can be presented in a normalized fashion. We define 

, X 2 , X 3 ) = 0JV,/S: {Xl,X2,Xz)<^kixi,X2) x±, (59) 

with 


0 ,fe(Xi,X 2 ) = 


1 )6!r(;6-HMi-HM2 + l) 

2 r(;6 -H Ml -H 1/2) r(;6 -H M2 + 1/2) 

p [xl+x'^j 


(x? -t-Xp)^ 


X 


+ 


aiXia2X2 p(/22+l/2,fii+l/2) I x^-x^ 


0-1 


/)+^2+1/2 __ n(^2“l/2,Pi+l/2) 

/3+iii+l/2 


( ] - 

[xf+xll 


)S+/ii+l/2 1/2) 

^42+1/2 ^2 t7lX2P/‘ 


(4z5 

V 


k = 2fi, 


k = 2p + l. 


(60) 
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and where 


®N,kix\,X2,Xz) = 


I /i! r(/3 + ^ ++/i 2 +/i 3 + 3/2) 
T(p + fJ.^ + 1 / 2 ) r()6 + ^ + + ;U 2 + 1) 


X ■< 


j(/i3 —l/2,^ + /il + /i2 + l) 


1 4+4-4 ] 

[xf+x^+xf j 


11 


, (criXi+o'2X2)o'3^3 n 

i-555- r 

Xj+Xl + Xg 


(p3 + l/2,^+/Jl+^i2 + l) / Xj+Xj-Xg 

“1 VXg + Xj + Xg 


P+H3+1/2 

/3+^ + pg + P 2 "^ 1 


(cri3Cl + (T2:>J2)-P 


(/i3—l/ 2 ,^ + /ii + ^2 + l) 


Vxf 


+xS+x, 


^ + /6+/il + /i2 + l ^ jj(/X3+l/2,^ + ^i+/i2) 

/3+A13+1/2 


j'xf 

[xf 


+ X 2 +Xg 


N-k = 2p, 


N-k = 2p + l. 


( 61 ) 


In 0601 1 and 0610 . the symbol 11 stands for the 2x2 identity operator and r(x) is the standard Gamma 
function [Tl. Introduce the scalar product 


<A,'h>= f (A^ •'P)/i(xi,X 2 ,X 3 ) dxidx 2 dx 3 , (62) 

JS 2 

where /i(xi,X 2 ,X 3 ) is the invariant weight function MTHI 
k(Xi,X2,X3) = lXil^^^lX2f^^lX3l^^\ 


It is directly verified (see for example II1311 ) that the spherical Dirac-Dunkl operator F and its sym¬ 
metry operators Ki, Zj are self-adjoint with respect to the scalar product ( l62] l. Upon writing the 
wavefunctions 0591 ) in the spherical coordinates, it follows from the orthogonality relation of the Ja¬ 
cobi polynomials (see for example lf2T1l ) that the wavefunctions ( l59] l satisfy the orthogonality relation 


5.5 Role of the Bannai-Ito polynomials 

Let us briefly discuss the role played by the Bannai-Ito polynomials in the present picture. It is 
known that these polynomials arise as overlap coefficients between the respective eigenbases of any 
pair of generators of the Bannai-Ito algebra in the representations ( l30l l IflTl l27]l . We introduce the 
basis defined by 

= Qn,s(x2,X3,xi)Os(x2,X3)z±> s = 0,...,N, (63) 

where 0 and O are obtained from ( l60l ) and ( l 6 l] l by applying the permutation (/ii,/i 2 ,M 3 ) —' (/J 2 )M 3 ,Pi)- 
It is easily seen from 0221) and 0240 that the wavefunctions 0630 satisfy the eigenvalue equations 

(F + 1 ) = (W + Ml + P 2 + P3 + 1 ) 

Ki = (- lYis + M 2 + M3 + 1/2) Y(^^ 

a3i?3Y'5 = ±(-l)'^“^Y^5. 

With the scalar product ( l62t . the overlap coefficients between the bases and Y^^^ are defined as 


{Y%\ . 

' ’ k,r' s,k\q,r 


The coefficients ^ can be expressed in terms of the Bannai-Ito polynomials (see Ifl9ll ). 
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6 Conclusion 


In this paper, we considered the Dirac-Dunkl operator on the two-sphere associated to the Abelian 
reflection group. We have obtained its symmetries and shown that they generate the Bannai—Ito al¬ 
gebra. We have built the relevant representations of the Bannai-Ito algebra using ladder operators. 
Finally, using a Cauchy-Kovalevskaia extension theorem, we have constructed the eigenfunctions of 
the spherical Dirac—Dunkl operator and we have shown that they transform according to irreducible 
representations of the Bannai—Ito algebra. 

As observed in this paper, the formulas ([Hi can be considered as a three-parameter deformation 
of the algebra SI 2 and as such, it can be considered to have rank one. It would of great interest in 
the future to generalize the Bannai-Ito algebra to arbitrary rank. In that regard, the study of the 
Dirac-Dunkl operator in n dimensions associated to the reflection group is interesting. 
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